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In 4-dimensional General Relativity, there are several theorems restricting the topology of the event 
horizon of a black hole. In the stationary case, black holes must have a spherical horizon, while a toroidal 
spatial topology is allowed only for a short time. In this Letter, we consider spinning black holes inspired 
by Loop Quantum Gravity and by alternative theories of gravity. We show that the spatial topology of 
the event horizon of these objects changes when the spin parameter exceeds a critical value and we 
argue that the phenomenon may be quite common for non-Kerr black holes. Such a possibility may be 
relevant in astrophysics, as in some models the accretion process can induce the topology transition of 
the horizon.
© 2011 Elsevier B.V. Open access under CC BY license.1. Introduction
The study of black hole (BH) uniqueness theorems started more 
than forty years ago and it is still a very active research ﬁeld [1]. 
In 4-dimensional General Relativity, the Hawking’s theorem en-
sures that the spatial topology of the event horizon must be a 
2-sphere in the stationary case, under the main assumptions of 
asymptotically ﬂat space–time and validity of the dominant energy 
condition [2]. Technically, the event horizon of a BH is deﬁned as 
the boundary of the causal past of future null inﬁnity. The spatial 
topology of the event horizon at a given time is the intersection 
of the Cauchy hypersurface at that time with the event horizon. 
According to the topological censorship theorem, in a globally hy-
perbolic and asymptotically ﬂat space–time, any two causal curves 
extending from past to future inﬁnity are homotopic [3]. As a BH 
with a toroidal spatial topology would violate this theorem, the 
hole must quickly close up, before a light ray can pass through [4]. 
Interestingly, numerical simulations ﬁnd that toroidal horizons can 
form, but they exist for a short time, consistently with the topo-
logical censorship theorem [5].
In the vacuum, the only stationary and axisymmetric BH so-
lution of the Einstein’s equations in a 4-dimensional and asymp-
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completely speciﬁed by two parameters: the mass M and the spin 
angular momentum J – instead of J , it is more commonly used 
the spin parameter a = J/M or the dimensionless spin parame-
ters a∗ = J/M2. While the Kerr metric may be a solution even in
other theories of gravity, in general there is not a similar unique-
ness theorem [6]. Unfortunately, for the time being our knowl-
edge of non-Kerr BH solutions in alternative theories of gravity 
is deﬁnitively limited. In most cases, analytic or numerical met-
rics are known only for non-rotating BHs. Approximated solutions 
in the slow-rotation limit have been obtained in Einstein–Gauss– 
Bonnet-dilaton (EGBd) gravity [7] and in Chern–Simons modiﬁed 
gravity [8]. The only 4-dimensional non-Kerr spinning BH example 
of a speciﬁc gravity theory is given by a numerical metric in EGBd 
gravity, recently found in [9]. On the other hand, from the obser-
vational point of view, fast-rotating BHs are the most interesting, 
as deviations from the Kerr metric are typically more evident and 
we would have more chances to test the model with astrophysical 
data [10].
In this Letter, we discuss two examples of spinning BHs in the-
ories beyond General Relativity, proposed respectively in [11] and
[12]. In both cases, the two metrics have not been obtained by 
solving speciﬁc ﬁeld equations, but the fact they have an analytic 
form for arbitrary values of the spin parameter is very useful. The 
BH proposed in [11] is inspired by Loop Quantum Gravity and the 
deformations from the Kerr geometry are encoded in a polymeric 
function P and in a Plank scale parameter a0. The BH proposed 
in [12] is instead a phenomenological metric and may be seen as
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BHs have been obtained through a Newman–Janis transformation
of a static solution. The key point of the two metrics is that there
are no restrictions on the values of the spin parameter a∗ . Interest-
ingly, for high values of a∗ they present similar features. If the BH
is more prolate than the predictions of General Relativity, when it
rotates fast the spatial topology of the event horizon changes from
a 2-sphere to two disconnected 2-spheres. If the BH is more oblate,
one ﬁnds a toroidal horizon or something very similar to a toroidal
horizon. Our guess is that fast-rotating BHs with non-trivial topol-
ogy are not peculiar predictions of these two solutions, but that
they may be relatively common in the case of deviations from the
Kerr geometry.
2. Black holes inspired by Loop Quantum Gravity
Loop Quantum Gravity is a generally covariant and non-
perturbative quantization of General Relativity [15]. BHs in Loop
Quantum Gravity have been studied only very recently and it has
been shown that the central singularity can be solved [16,17]. Ro-
tating BHs have been obtained in [11] through a Newman–Janis
transformation. In Boyer–Lindquist coordinates, the loop-modiﬁed
Kerr metric reads [11]
gtt = − (ρ
2 + 2MPr)2Δ
ρ4Σ
,
gtφ = −a sin
2 θ(ρ2 + 2MPr)2(Σ − Δ)
ρ4Σ
,
gφφ = sin2 θ
[
Σ + a
2 sin2 θ(ρ2 + 2MPr)2(2Σ − Δ)
ρ4Σ
]
,
grr = (ρ
2 + 2MPr)2Σ
ρ4Δ + a2 sin2 θ(ρ2 + 2MPr)2 ,
gθθ = Σ, (2.1)
where
ρ2 = r2 + a2 cos2 θ,
Δ = r2 − 2M(1+ P2)r + 4M2P2 + a2 cos2 θ, (2.2)
P is the polymeric function
P =
√
1+ γ 2I δ2 − 1√
1+ γ 2I δ2 + 1
, (2.3)
and γI and δ are respectively the Immirzi parameter and the “poly-
meric parameter”. In principle, P can be either positive or negative,
because γI may be complex. As for Σ , there is more than one pos-
sibility, because of some ambiguities in the procedure to get the
metric. There are indeed at least two natural complexiﬁcations in
the Newman–Janis construction procedure [11]:
Type I: Σ = ρ2 + B2/r2, (2.4)
Type II: Σ = ρ2 + B2/ρ2, (2.5)
1 These metrics can be solutions of particular non-local generalizations of the
Einstein’s equations, as suggested in [13,14]. The idea is to replace the Einstein’s
equations with the following set of equations of motion
Rμν − 1
2
gμν R = 8πGNO
(/Λ2)Tμν,
where O(/Λ2) is a generic non-local function of the covariant D’Alembertian op-
erator and Λ is the energy scale of the modiﬁed gravity [14].where B is the “bounce constant” and has been ﬁxed in two dif-
ferent ways in previous papers for the spherically symmetric solu-
tion [16,18]:
Case a: B = a0, (2.6)
Case b: B = (2MP )2. (2.7)
Here a0 ∼ L2Pl is the minimum area (LPl ∼ 10−33 cm is the Planck
length). Since in this Letter we are interested in astrophysical BHs,
we can neglect Planck-scale structures and we assume a0 = 0. We
have thus three slightly different solutions: Ia–IIa, Ib, and IIb. How-
ever, all our conclusions are independent of the ambiguities related
to the Σ .
The event horizon is deﬁned by the condition2
ρ4Δ + a2 sin2 θ(ρ2 + 2MPr)2 = 0. (2.8)
When P = 0, one recovers the classical Kerr result
rH = M ±
√
M2 − a2, (2.9)
where the sign ‘+’ and ‘−’ are respectively for the outer and inner
horizon. The key-point of the Kerr metric is that the radial coor-
dinate of the two horizons does not depend on θ and there are
two topologically spherical horizons for a < M , one horizon in the
extreme case a = M , and there is no horizon for a > M (naked
singularity). For P = 0, Eq. (2.8) depends on θ and between the
cases of two topologically spherical horizons for low values of a
and no horizons for high values of a, we ﬁnd that the two hori-
zons merge into a horizon with non-trivial spatial topology. Let
us call ac∗ the lowest value of the dimensionless spin parameter
for which the BH has a topologically non-trivial event horizon.
For P > 0, there are two disconnected horizons with spherical
topology, see the left panel in Fig. 1. For P < 0, there are two dis-
connected horizons with toroidal topology: the one coming from
the merger of the outer and inner horizons and shown in the
right panel of Fig. 1, and another small horizon near the origin.
The latter is not shown in the ﬁgure and present some peculiar
features. For instance, while the large toroidal horizon disappears
above some critical spin parameter, like the horizons of the case
P  0, the small one does not and exists even when a/M  1.
Here topologically non-trivial event horizons are possible because
Eq. (2.1) is not a solution of the Einstein’s equations. Equivalently,
the metric in Eq. (2.1) can be seen as a solution of the Einstein’s
equations in presence of a non-zero effective energy–momentum
tensor violating the dominant energy condition [16].
3. Black holes in alternative theories of gravity
In Ref. [12], the authors have proposed a phenomenological
metric to test gravity in the strong ﬁeld regime. In other words,
it is not a solution in any known gravity theory, but it is a sim-
ple parametrization of (hopefully generic) deviations from the Kerr
geometry. The metric was obtained by starting from a deformed
Schwarzschild solution and then by applying a Newman–Janis
2 Let us notice that there are a few deﬁnitions of horizon. Here we are inter-
ested in the event horizon, i.e. a boundary in the space–time beyond which events
cannot affect an outside observer. In a stationary space–time, the event horizon is
also an apparent horizon, which is a surface of zero expansion for a congruence of
outgoing null geodesics orthogonal to the surface. This means that at the apparent
horizon null geodesics must have dr/dt = 0, which implies grr = 0, see e.g. Ref. [19].
The horizon relevant for the black hole thermodynamics is instead the Killing hori-
zon, which is a null hyper-surface on which there is a null Killing vector ﬁeld. For
the metric in (2.1), the Killing horizon is deﬁned by gtt gφφ − g2tφ = 0. When the
Hawking’s rigidity theorem can be applied (like in the Kerr space–time), the event
horizon and the Killing horizon coincide [2]. However, in general that is not true.
C. Bambi, L. Modesto / Physics Letters B 706 (2011) 13–18 15Fig. 1. Event horizons of loop-inspired black holes. Left panel: a∗ = 0.99 and P = 0.01. Right panel: a∗ = 1.01 and P = −0.01. See text for details.
Fig. 2. Event horizons of black holes in possible alternative theories of gravity. Left panel: a∗ = 0.9 and 3 = 1. Right panel: a∗ = 1.1 and 3 = −1. See text for details.transformation. The non-zero metric coeﬃcients in Boyer–Lindquist
coordinates are [12]
gtt = −
(
1− 2Mr
ρ2
)
(1+ h),
gtφ = −2aMr sin
2 θ
ρ2
(1+ h),
gφφ = sin2 θ
[
r2 + a2 + 2a
2Mr sin2 θ
ρ2
]
+ a
2(ρ2 + 2Mr) sin4 θ
ρ2
h,
grr = ρ
2(1+ h)
Δ + a2h sin2 θ , gθθ = ρ
2, (3.1)
where
ρ2 = r2 + a2 cos2 θ,
Δ = r2 − 2Mr + a2,
h =
∞∑
k=0
(
2k + Mr
ρ2
2k+1
)(
M2
ρ2
)k
. (3.2)
The metric has an inﬁnite number of free parameters i and the
Kerr solution is recovered when all these parameters are set to
zero.The event horizon of a BH described by the metric (3.1) is given
by (please notice that in Ref. [12] the authors use an incorrect
deﬁnition of event horizon and actually they compute the Killing
horizon)
Δ + a2h sin2 θ = 0. (3.3)
Like in (2.8), Eq. (3.3) depends on θ and in general, for high val-
ues of the spin parameter, the inner and the outer horizons merge
together, with the result of forming a BH with a horizon with
non-trivial topology. As a speciﬁc example, we can take the case
discussed in [12] with a single free parameter, 3, and i = 0 for
i = 3. However, the picture is qualitatively the same if we take,
for instance, 4 or 5 as free parameter instead of 3. For 3 > 0,
the BH turns out to be more prolate than the Kerr one and, for
high spin parameters, one ﬁnds two disconnected horizons with
spherical topology, see the left panel in Fig. 2. If a∗ > 1, there is
no horizon, like in the Kerr metric. For 3 < 0, the object is more
oblate than a Kerr BH and one ﬁnds that fast-rotating objects have
a horizon that looks toroidal. It is not really a torus because at
r = 0 there is a naked singularity which is still connected to the
horizon. So, unlike a doughnut, here there is not a central hole.
The case a∗ = 1.1 and 3 = −1 is shown on the right panel of
Fig. 2. Unlike for the case 3  0, when 3 < 0 the horizon never
16 C. Bambi, L. Modesto / Physics Letters B 706 (2011) 13–18disappears, even for a/M  1. It just becomes more and more thin
and looks like a disk.
4. Astrophysical black holes
In the previous sections, we have discussed two speciﬁc exam-
ples of spinning BHs in four dimensions with topologically non-
trivial event horizons. However, in both cases it is required that
the value of spin parameter a exceeds some critical value. It is
thus not clear if such a condition can be satisﬁed for astrophysi-
cal BHs. For instance, in the Kerr case, the solution describes a BH
for a M and a naked singularity for a > M . However, Kerr naked
singularities can unlikely be of astrophysical interest, as it is ap-
parently impossible to overspin a Kerr BH up to a > M [20]. So,
the purpose of this section is to show that BHs with topologically
non-trivial event horizon could be created in the Universe.
A natural and very eﬃcient mechanism to spin a compact ob-
ject up is through the process of gas accretion from a disk. One
can assume that the disk is on the equatorial plane of the ob-
ject and that the disk’s inner edge is located at a radius rin . When
the gas reaches the inner edge, it plunges to the BH with no fur-
ther emission of radiation. If at the radius rin the speciﬁc energy
E = −ut and the speciﬁc angular momentum L = uφ of a gas par-
ticle with 4-velocity uμ are respectively Ein and Lin , the compact
object changes its mass M and its spin angular momentum J by
δM = Einδm,
δ J = Linδm, (4.1)
where δm is the gas rest-mass. The evolution of the spin parameter
is thus governed by the following equation [21]
da∗
d lnM
= 1
M
Lin
Ein
− 2a∗. (4.2)
Ein and Lin depend on the metric of the space–time (see Eq. (4.7)
below) and on the model of the accretion disk.
The simplest case is the geometrically thin and optically thick
disk [22], whose inner edge is at the marginally stable circular or-
bit (also called innermost stable circular orbit, or ISCO): rin = rms .
For a generic stationary and axisymmetric space–time, the cal-
culation of Ems and Lms goes as follows (see e.g. Appendix B in
Ref. [23] for more details). The disk’s gas moves on nearly geodesic
circular orbits and the equations of motion are
t˙ = Egφφ + Lgtφ
g2tφ − gtt gφφ
, (4.3)
φ˙ = − Egtφ + Lgtt
g2tφ − gtt gφφ
, (4.4)
grr r˙
2 + gθθ θ˙2 = Veff(E, L, r, θ), (4.5)
where Veff is the effective potential
Veff = E
2gφφ + 2ELgtφ + L2gtt
g2tφ − gtt gφφ
− 1. (4.6)
Circular orbits in the equatorial plane are located at the zeros and
the turning points of the effective potential: r˙ = θ˙ = 0 implies
Veff = 0, and r¨ = θ¨ = 0 requires ∂r Veff = ∂θ Veff = 0. E and L turn
out to be
E = − gtt + gtφΩ√
−gtt − 2gtφΩ − gφφΩ2
,
L = gtφ + gφφΩ√
−gtt − 2gtφΩ − gφφΩ2
, (4.7)Table 1
Black holes inspired by Loop Quantum Gravity. Equilibrium spin parame-
ter, aeq∗ , and critical spin parameter separating black holes with topologi-
cally different horizons, ac∗ , for some values of the polymeric function P .
The case P = 0 corresponds to the classical Kerr metric.
P aeq∗ ac∗
0.01 0.9831 0.9805
0.001 0.9981 0.9980
0.0001 0.9998 0.9998
0.0 1.0 –
−0.0001 1.0002 1.0000
−0.001 1.0020 1.0000
−0.01 1.0192 1.0000
where
Ω = dφ
dt
=
−∂r gtφ ±
√
(∂r gtφ)2 − (∂r gtt)(∂r gφφ)
∂r gφφ
(4.8)
is the orbital angular velocity and the sign + (−) is for corotating
(counterrotating) orbits. The orbits are stable under small pertur-
bations if ∂2r Veff  0 and ∂2θ Veff  0. At the ISCO, either ∂2r Veff = 0
or ∂2θ Veff = 0. In this way, one determines Ein = Ems and Lin = Lms
and can integrate Eq. (4.2) to get the equilibrium spin parame-
ter aeq∗ .3 For instance, an initially non-rotating BH in General Rela-
tivity reaches the equilibrium spin parameter aeq∗ = 1 after having
increased its mass by a factor
√
6 ≈ 2.4 [21]. If the compact ob-
ject is not a Kerr BH, the ﬁnal value of the spin parameter may
be larger than 1 and super-spinning compact objects may be cre-
ated [25,26].
In the case of non-Kerr BHs, topologically non-trivial horizons
may have astrophysical relevance if the deviations from the Kerr
geometry are not too small. For a loop BH and P = 0.01, the equi-
librium spin parameter is aeq∗ ≈ 0.9831, while the transition of the
topology of the horizon happens at ac∗ ≈ 0.9805. A few other cases
are reported in Table 1 and we have checked that all the results do
not depend on the ambiguities related to Σ . As |P | → 0, aeq∗ and ac∗
go to 1 and even if aeq∗ is always larger than ac∗ , the difference is
smaller and smaller. This fact forbids the possibility of changing
the topology of the horizon for small values of |P |, as aeq∗ cannot
be reached in the reality. In particular, the radiation emitted by the
disk and captured by the BH reduces the value of aeq∗ computed
from Eq. (4.2), as the radiation with angular momentum opposite
to the BH spin has larger capture cross section. For example, in the
case of the Kerr metric one ﬁnds the well-known “Thorne’s limit”
aeq∗ ≈ 0.998 [27]. To get a rough estimate of the effect, we can as-
sume that the radiation captured by the BH reduces aeq∗ by 0.002
(actually for loop BHs the effect is smaller, because for P = 0 the
ISCO radius at aeq∗ is larger than the Kerr one). In this case, the ac-
cretion process from a thin disk can spin the BH up to the critical
value ac∗ and induces the topology transition only if P  0.01 or
P −0.001.
Table 2 shows the same quantities for the BHs described by the
metric (3.1) (see also Fig. 2 in Ref. [12], where the authors show
ac∗ as a function of 3 for 3 > 0). Even here, a
eq∗ > ac∗ , but the
difference is smaller and smaller as 3 → 0. Like for the loop BHs,
the topology transition of the event horizon occurs at a∗ < 1 for
more prolate objects, and at a∗ = 1 for more oblate objects.
3 In the case of non-Kerr background, the picture may be more complicated and,
in some cases, the gas may not be able to plunge from the ISCO to the BH, see
Ref. [24]. If this is the case, accretion is possible only if the gas loses additional
energy and angular momentum. However, such an effect occurs only for “extreme”
objects, typically with spin parameter a∗ well above the equilibrium value aeq∗ .
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Black holes in possible alternative theories of gravity. Equilibrium spin
parameter, aeq∗ , and critical spin parameter separating black holes with
topologically different horizons, ac∗ , for some values of the parameter 3.
The case 3 = 0 corresponds to the Kerr metric.
3 a
eq∗ ac∗
10.0 0.5608 0.4355
1.0 0.8705 0.7910
0.1 0.9735 0.9596
0.0 1.0 –
−0.1 1.0334 1.0000
−1.0 1.1854 1.0000
−10.0 1.6531 1.0000
5. Observational constraints
Up to now, we have considered arbitrary deviations from the
Kerr geometry. However, either P for the metric (2.1) and 3
for (3.1) are subject to constraints from current observations.
For the loop BHs, one can apply the Birkhoff’s theorem and
constrain P by using current observational data in the Solar Sys-
tem. In the parametrized post-Newtonian (or PPN) framework [28],
the line element of the asymptotic space–time in spherical coordi-
nates is
ds2 = −A(r)dt2 + B(r)dr2 + r2 dΩ2, (5.1)
where
A(r) = 1− M
r
+ 2(βPPN − γPPN)M
2
r2
+ · · · , (5.2)
B(r) = 1+ 2γPPN M
r
+ · · · , (5.3)
and βPPN and γPPN are the PPN parameters. In classical General
Relativity βPPN = γPPN = 1 and the strongest constraints come from
the Lunar Laser Ranging experiment [29] and the Cassini space-
craft [30]
|βPPN − 1| < 2.3 · 10−4 (LLR),
|γPPN − 1| < 2.3 · 10−5 (Cassini). (5.4)
The asymptotic form of the loop-modiﬁed Kerr metric reads
−gtt = 1− 2m
r
+ 24(P − P
2 + P3)
(1− P )4
m2
r2
+ · · · ,
grr = 1+ 2 (1+ P )
2
(1− P )2
m
r
+ · · · , (5.5)
where m = (1 − P )2M is the gravitational mass as measured by
a distant observer. From the Cassini spacecraft, we get
|P | < 0.6 · 10−5. (5.6)
So, if P is really a constant, it must be so small that the accre-
tion process can unlikely create loop BHs with non-trivial topol-
ogy. However, the Immirzi parameter may be a running constant,
approaching 0 at low energies/large distances and 1 at high en-
ergies/short distances, as discussed in [31]. If this is the case, the
accretion process might still create BHs with non-trivial topology,
as the constraint (5.6) would hold only far from the BH.
Let us now consider the metric (3.1). As discussed in Ref. [12],
the Newtonian limit requires 0 = 1 = 0 and the Lunar Laser
Ranging experiment demands |2| < 4.6 · 10−4. On the other hand,
there are no bounds on i for i  3 from the Solar System. Fol-
lowing the argument in Ref. [32], it is possible to constrain the
deformation parameters with i  3 from the estimate of the meanradiative eﬃciency of active galactic nuclei (AGN). Let us notice,
however, that the ﬁnal bound has to be taken with some caution.
One can notice that the most luminous super-massive objects in
galactic nuclei have a radiative eﬃciency η > 0.15 [33]. There are
several sources of uncertainty to get this bound, but this value
seems to be a reliable lower limit. Assuming that i do not de-
pend on M or J , we can constrain possible deviations from the
Kerr metric, as η  1− Ems . In the speciﬁc case 3 = 0 and i = 0
for i = 3, one ﬁnds:
−1.1< 3 < 25. (5.7)
Such a bound is weak and surely does not forbid the possibility of
astrophysical BHs with non-trivial topology.
6. Conclusions
In 4-dimensional General Relativity, a stationary BH must have
a spherical horizon, while a toroidal horizon is allowed for a very
short time. It is thus thought that the spatial topology of the hori-
zon of astrophysical BHs is a 2-sphere. However, if the current BHs
candidates are not the BHs predicted by General Relativity, this
conclusion may be wrong. Here we have discussed two examples
of 4-dimensional non-Kerr spinning BHs and we have shown that
for high values of the spin parameter the topology of the event
horizon of these objects can change. Unfortunately, our current
knowledge of these objects is deﬁnitively limited. Here we have
considered the loop-improved Kerr metric found in Ref. [11] and
the phenomenological metric proposed in [12] to perform tests
of strong gravity. Interestingly, they present quite remarkable and
qualitatively similar features in the case of fast-rotating objects and
we guess that these properties may be common for non-Kerr spin-
ning BHs. In particular, it seems that BHs more prolate than the
Kerr one develop two disconnected topologically spherical horizons
above some critical spin parameter. In the case of fast-rotating ob-
jects more oblate than a Kerr BH, their horizon looks more like a
torus, even if the central hole may be closed (like in the case of
the BH in the right panel of Fig. 2, in which the event horizon ex-
tends up to the central singularity at r = 0). In both this examples,
the accretion process may overspin these objects above the critical
spin parameter and induce the topology transition of the horizon.
The topology change does not happen as a result of some jump or
tunneling, but this fact should not be seen suspiciously: even in
numerical simulations in General Relativity the gravitational col-
lapse can produce a toroidal BH and then the hole quickly closes
up continuously, as found for the ﬁrst time in [5].
As ﬁnal remark, let us notice that here we have not discussed
the stability of these BHs. However, this issue cannot be addressed
for the metrics (2.1) and (3.1): we do not know the ﬁeld equations
of the gravity theory having Eqs. (2.1) and (3.1) as solution, and
therefore we cannot predict the evolution of small perturbations
on these backgrounds. On very general grounds, we can simply say
the event horizon of very fast-rotating objects becomes likely too
small to prevent the ergoregion instability [34]. However, such an
instability may occur only for BHs with spin parameters a∗ > aeq∗ ,
which would be anyway unstable conﬁgurations. If, on the con-
trary, the instability appears at a∗ < aeq∗ , as the spin-up due to the
accretion process is an unavoidable phenomenon, these BHs would
be a source of gravitational waves, potentially detectable by future
experiments.
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